A number of improvements have been added to the existing analytical model of hysteresis loop defined in parametric form. In particular, three phase shifts are included in the model, which permits to tilt the hysteresis loop smoothly by the required angle at the split point as well as to smoothly change the curvature of the loop. As a result, the error of approximation of a hysteresis loop by the improved model does not exceed 1%, which is several times less than the error of the existing model. The improved model is capable of approximating most of the known types of rate-independent symmetrical hysteresis loops encountered in the practice of physical measurements. The model allows building smooth, piecewise-linear, hybrid, minor, mirror-reflected, inverse, double and triple loops.
I. INTRODUCTION
The phenomenon of hysteresis is widespread in nature, it is often met in many fields of science and engineering including instruments used in scientific research. 1, 2, 3 There are a number of quite complicated analytical models describing this phenomenon. 4 One of the simpler ones is the analytical model suggested in Ref. enough for most practical tasks. However, there are cases when a higher accuracy is required. The improved model 5 suggested in the article approximates hysteresis loops with an error 1% or less.
To simplify constructions, analysis, and identification of hysteresis loops, Mathcad ® worksheets (MathSoft, USA) are attached to the article (see Ref. 6) as supplementary materials. In order not to overcomplicate the article, the derivation of some formulae is omitted. The detailed derivation can be found in the supplementary materials.
II. DESCRIPTION OF THE IMPROVED MODEL
The main modification to the previous hysteresis model (1) is the introduction of phase shifts ∆α 1 , ∆α 2 , ∆α 3 
where â , x b are corrected parameters of a, b x , respectively.
A. Smooth hysteresis loops
First, let us consider the influence of each of the three phase shifts.
Loop tilting by the phase shift ∆α 1
The phase shift ∆α 1 allows tilting a hysteresis loop by changing slope angle β=π/2-θ of a tangent to the loop at the split point a (see Fig. 2 ). In 
can be easily determined. Leaf type loops (n=1) with m=1 do not depend on the phase shift ∆α 1 . The phase shift ∆α 1 required for loop tilting by the preset angle θ at the split point a (α=0) is calculated by the formula 
Unsplit loops (a=0) cannot be tilted with the phase shift ∆α 1 .
Changing loop curvature by the phase shift ∆α 2
The phase shift ∆α 2 allows for changing the curvature of a hysteresis loop (see Fig. 3 ). Unlike the parameter m, 
Leaf type loops (n=1) with m=1 do not depend on the phase shift ∆α 2 .
Changing loop curvature by the phase shift ∆α 3
Like the phase shift ∆α 2 , the phase shift ∆α 3 allows for continuous change of the curvature of a hysteresis loop (see Fig. 4 ). Composing equations for the split point α=0 and the saturation point α=π/2, like it has been done above, one can obtain (∆α 1 =∆α 2 =0) ( ) ( ) ,  2  sin  2  coŝ  2  sin  2  cos   ,  0  sin  0  coŝ  0  sin  0  cos   3 The shape of Leaf type loops (n=1) with m=1 does not depend on the phase shift ∆α 3 .
The effect of the phase shift ∆α 3 =∆α is opposite to the one of ∆α 2 =∆α (compare Fig. 4 with Fig. 3) . Moreover, the loop built with ∆α 2 =∆α is somewhat different from the loop built with ∆α 3 =-∆α. The difference grows as |∆α| increases. The phase shift ∆α 3 causes an offset of parameter α by value ∆α 3 . As a result, parameter α becomes equal to -∆α 3 at the split point a and to π/2-∆α 3 at the saturation point b. 
Using several phase shifts simultaneously
In the general case when all the three phase shifts ∆α 1 , ∆α 2 , and ∆α 3 are used, the system of equations composed for the split point α=0 and for the saturation point α=π/2 will look as follows 
Solving the system (10), the searched for corrected parameters are found (2), it is easy to show that with m=1, loops of the Leaf type (n=1) do not depend on the phase shifts ∆α 1 , ∆α 2 and the shape of these loops does not depend on the phase shift
Although the effect of the phase shift ∆α 3 is opposite to the effect of the phase shift ∆α 2 , they do not completely neutralize each other when used jointly ∆α 2 =∆α 3 =∆α (∆α 1 =0). When the two phase shifts are set equal to each other ∆α 2 =∆α 3 =∆α, their joint action is opposite to the action of the phase shift ∆α 1 =∆α. Therefore, in order to tilt a hysteresis loop in the split point, the phase shifts ∆α 2 =∆α 3 =-∆α can be used instead of the phase shift ∆α 1 =∆α. Since the phase shifts ∆α 2 and ∆α 3 =-∆α 2 produce similar effect, the practical application of the model (2) may involve only two of them: ∆α 1 and ∆α 2 (see Section III) or ∆α 1 and ∆α 3 .
It is noteworthy that with ∆α 1 =∆α 2 =∆α 3 =∆α≠0, where ∆α is an arbitrary real number, the corrected parameters â , x b of the improved model (2) degenerate into the parameters a, b x of the original model (1), respectively.
Thus, in the case under consideration, the hysteresis loops built by the model (2) coincide in shape with the loops built by the model (1), but the parameter α of the former is shifted by ∆α as compared to the latter. The conclusion about the degeneration of the model (2) into the model (1) also comes out of the following consideration. Since the effect of the joint usage of the equal phase shifts ∆α 2 =∆α 3 =∆α is opposite to the effect of the phase shift ∆α 1 =∆α, the joint usage of three identical phase shifts ∆α 1 =∆α 2 =∆α 3 =∆α should lead to the formation of loop (1). 
Hysteresis loops of Bat and Astro types
The Bat type hysteresis loop with k=2 is shown in Fig. 5(a) . Odd powers k=3, 5, … will yield loops of Astro 7 type.
The hysteresis loop of Astro type with k=3 is shown in Fig. 5 (b).
Arithmetic operations on hysteresis loops
The hysteresis loops based on models (1) and (2) can be added, subtracted, multiplied by a number, raised to a power, and used as arguments in some functions 
Using trapezoidal pulses instead of sine and cosine functions
Another method of obtaining piecewise-linear hysteresis loops consists in replacing the sine and cosine func- (15) is independent of the parameter m.
The formulae for the corrected parameters â and x b of the piecewise-linear loops (15) are derived using the same logic as in the case of smooth loops. The working formulae for those parameters can be obtained from formulae (4), (7), (9), (11) valid for smooth loops (2) by simply replacing the sine and the cosine functions with trapezoidal pulses trp s and trp c , respectively. 
Using triangular pulses instead of sine and cosine functions
Besides the trapezoidal pulses trp, triangular tri and rectangular rect pulses, which are particular cases of the where allow to obtain the whole set of piecewise-linear loops of Play and Relay.
Step-by-step derivation of formulae (22) is given in the supplementary materials. 
The angle β is determined according to the formula 6 . tan 2 arctan 
C. Double hysteresis loops

Linking loops at the saturation point b
To make the description of double hysteresis loops more accurate, the method suggested in Ref. 1 has been improved. In particular, according to the improved method, the equations for a double loop non-self-crossing in the origin of coordinates (0-shaped loop) are as follows (α=0…2π) Fig. 12(a) shows an example of double non-self-crossing loop built by formulae (27).
According to (27), movement along the double loop starts at the point (0, 0), goes on counter-clockwise first by the top loop then by the bottom one and finishes at the point (0, 0). The double loop (27) differs from the one used before in that the starting point of the second loop coincides with the end point of the first one, and the end point of the second loop with the starting point of the first one. Thus, the double loop (27) can be drawn continuously, "without lifting the pencil from the paper", as the parameter α changes from 0 to 2π.
The loop with a self-crossing in the origin of coordinates (8-shaped loop) can be built according to the formu-
The loops (27) and (28) have no appearance differences. Double non-self-crossing and self-crossing piecewise-linear loops are built by formulae (27) and (28), respectively, replacing π with T/2. An example of double non-self-crossing loop Play with Gain built by formulae (27) with ∆α 3 =0 is shown in Fig. 12 
Linking loops at the point x max
Besides linking two loops in the saturation point b, the loops can be linked at the point, where generating function x(α) reaches its maximum x max . In order to determine the value of parameter α max for which x(α max )=x max , the equation ( ) Fig. 12(c) . A double loop built by formulae (31) has the same appearance. There is another method of building double non-self-crossing loops by means of loop pinching. This method implies setting the split parameter a to zero and the phase shift ∆α 2 (or ∆α 3 ) to a non-zero value. With such loops, the shift ∆α 2 (or ∆α 3 ) serves as a split parameter a. Fig. 13(b) shows an example of a double non-self-crossing it is possible to determine such a value of the phase shift ∆α 2 (or ∆α 3 ) that the split value a d of the double loop at the half-height of the saturation point b y is equal to the specified value.
D. Triple hysteresis loops
According to the improved model (2), the triple self-crossing loops 10, 11 are obtained by setting up a phase shift -∆α 2 (or +∆α 3 ) that "squeezes" the loop so tight that a foldover appears. Fig. 14 shows an example of a triple loop of the Classical type formed as a result of a foldover. In addition, a triple loop can be "assembled" of three loops -one central loop and two outside. Triple loops linked at the saturation points b are built according to the formulae (α=0…2π) sgn  2   3  3  rect  rect  1  2  3  rect  rect  )  (   ,  sgn  2   3  3  rect  rect  1  2  3  rect  rect  )  (   2  1  2  1   2  1  2 Gain. In the linking points, the loops can be both non-self-crossing and selfcrossing.
"whiskers" 12, 13 are required. Recall that long whiskers in the model (1) can be obtained by increasing power m. 6 However, at the same time, a change of loop curvature occurs that is not always necessary. 
E. Area of a hysteresis loop
The area of a hysteresis loop characterizes energy losses in a piezoelectric/ferromagnetic material while applying an alternating electric/magnetic field. To find the hysteresis loop area, the following general formula is used ( ) ( ) ( ) ( ) . 
are binomial coefficients. Formula (39) is valid for any positive integer m and n.
The loop tilt produced by a phase shift ∆α 1 (m>1, ∆α 2 =∆α 3 =0) results in an increase in the loop area S (see Fig. 2 ). The area S of a hysteresis loop increases with an increase in the phase shift ∆α 2 (see Fig. 3 ). With an increase in the phase shift ∆α 3 , the area S decreases (see Fig. 4 ).
According to (38), as a hysteresis loop is being scaled as ( ) ( ) Since n does not enter into formula (42), all three loop types Leaf, Crescent, and Classical of the model (1) have the same loop area S provided that the other parameters (a, b y , and m) of these loops are the same (see Fig. 1 ).
Since parameter b x does not enter into formula (42) It is noteworthy that with ∆α 1 =∆α 2 =∆α 3 =∆α≠0, where ∆α is an arbitrary real number, formula (39) also takes the form (42). In this case, loops built according to models (1) and (2) will have equal areas. This is because under the above conditions, these loops are of exactly the same shape (see Section II.A.4).
The area of piecewise-linear hysteresis loops is determined by the general formula (38). 6 The easiest way to determine the area of the piecewise-linear hysteresis loops is using the formula of area of a parallelogram. In that 
III. APPLICATION OF THE IMPROVED MODEL
The developed model enables building smooth, piecewise-linear, hybrid, minor, mirror-reflected, inverse, double and triple loops. Using the phase shifts ∆α 1 , ∆α 2 , ∆α 3 as additional parameters allows reducing the approximation error of hysteresis loops by several times.
Error analysis conducted according to the method described in Ref. 1 has shown that average relative approximation error of the improved model does not exceed 1% (see Table) . 6 For the comparison to be correct, the hysteresis loops from Ref. 1 were used during the error determination. Fig. 18 shows approximating loops built according to the existing (1) and the improved (2) 
